We characterize the transversality, non-transversality properties on the moduli space of genus 0 stable maps to a D-convex symplectic manifold of dimension 4, when GW([point], . . . , [point]) is enumerative. In particular, we show that the intersection theoretic property depends on the existence of the critical point on the stable map.
Introduction
The Gromov-Witten invariant is defined as the integration over the moduli space. If the Gromov-Witten invariant GW ([point] , . . . , [point] ) is enumerative, then this invariant counts the number of stable maps passing through a certain number of points in general position. This enumerative implication comes from a transversality property of the pull-back cycles ev
n (X, β, J), where s i , i = 1, . . . , n, is the set of points in general position on X. More precisely, the Gromov-Witten invariant counts the number of points in i (s i ) doesn't vary depending on the general choice of the configuration points, i.e., trivial cycle's representative on the target space. That means, cycles ev −1 i (s i ), i = 1, . . . , n, meet transversally for the general choice of the configuration points.
This paper serves as the first sequel of the paper to establish the real version of the Gromov-Witten theory. It deals with the symplectic counterpart of the algebraic version of paper [Kwon2] . For the establishment of the real Gromov-Witten theory, we need to study non-transversality properties. See [Kwon1] for detailed reasons. However, regardless of our original objectiveness, in this paper, we don't assume that the target space has a real structure. This paper's main results are based on Gang Tian's deep observation [Tian] , which related the existence of the critical points on the stable map to the intersection theoretic properties. The naive version of his conjecture can be described as follows:
Transversality property holds on the locus of stable maps, having irreducible domain curve and no critical points. If there is a critical point on the stable map, then transversality property cannot hold.
Usually, it is very hard to calculate the intersection multiplicity at the intersection point in
i (s i ). However, Tian related that calculation to the deformation properties of the stable map, i.e., an appearance of skyscraper sheaves at the critical points can be used to show transversality properties. Practically, studies on the local structure of the moduli space and the singularity analysis of the product of the evaluation maps enabled the author to prove his conjectures.
Let the target space X be a D-convex symplectic manifold of dimension 4 (Definition in sec. 2). For example, (CP 2 , ω), (CP 1 ×CP 1 , ω) are D-convex. And CP 2 (r) is not D-convex, where CP 2 (r) is a CP 2 blown-up at r points because of the presence of the sphere of negative self-intersection number. The definition of intersection multiplicity zero in Theorem 5.2 appears in sec.5.
The main results of this paper are: 
i) If s is represented by a stable map which is an immersion and has an irreducible domain curve, then the intersection multiplicity at s is one. (ii)If s is represented by a cuspidal stable map whose marked points are not critical points, then the intersection multiplicity at s is two. (iii) If s is represented by a stable map having reducible domain curve, then
the intersection multiplicity at s is zero. n (X, β, J) Throughout this paper, we will assume that J on X is ω-compatible, C lsmooth,l ≥ 2, generic almost complex structure. Whenever we consider the parameter space P k,p (X, β, J) or the moduli space M k,p n (X, β, J), we assume that kp > 2 with k ≤ l.
D-cohomology Groups
This section provides some preliminaries for the moduli space's local structure descriptions which will be developed in the later parts of this paper. The target space in this section will be a general symplectic manifold. Readers may refer to [Wells] for the principles of cohomology group constructions.
Let (X, ω) be a compact symplectic 2n-dimensional manifold. An almost complex structure J on X is called ω-compatible if it satisfies the following conditions:
• ω-tamed: ω(v, Jv) > 0 for all x ∈ T x X and non-zero vector v ∈ T x X • ω(v, w) = ω(Jv, Jw) for all x ∈ X and v, w ∈ T x X.
Let's assume that J on X is a C l -smooth, l ≥ 2, ω-compatible, generic almost complex structure on X. Then, we have a natural C l -metric g J (v, w) := ω(v, Jw) on X defined by the symplectic structure ω and an almost complex structure J.
Let (X, J), (Y, J
′ ) be almost complex manifolds. Then, a smooth map f : X → Y is called a (J, J ′ )-holomorphic map if it satisfies J ′ • df = df • J. If X is a genus 0 smooth Riemann surface, i.e. CP 1 , then we have a unique almost complex structure, say j, on it. In this case, we may call a (j, J)-holomorphic map as a J-holomorphic map.
We call a J-holomorphic map f : CP 1 → X is simple if non-trivial f cannot be expressed as σ • g, where σ, g is a holomorphic branched covering map of degree greater than one, a J-holomorphic map respectively. In this paper, We will view the trivial J-holomrophic map f as a simple map.
Definition 2.1 Let P k,p (X, β, J) * be a space of simple J-holomorphic maps f : CP 1 → X such that the k-th derivative of f is of class L p and f represents a homology class β, i.e., f * ([CP 1 ]) = β ∈ H 2 (X; Z). We will call P k,p (X, β, J) * as a parameter space of simple J-holomorphic maps.
Let P k,p (X, β) be a space of continuous maps f : CP 1 → X such that the k-th derivative of f is of class L p and f represents a homology class β.
* is a subspace of the smooth separable Banach manifold P k,p (X, β).
is a fibre over f . Let ∂ J be a complex anti-linear section on P 1,p (X, β):
Then, the subspace P 1,p (X, β, J)
* is the open subset of the intersection with the zero section∂
The linearized operator D f,J for ∂ J at the J-holomorphic map f is a first order elliptic partial differential operator. Let ∇ be a Levi-Civita connection on X with respect to the canonical metric defined by g(v, w) := ω(v, Jw). Then, the equation for D f,J is given as:
Since we are working on the moduli space P 1,p (X, β, J) * of simple Jholomorphic maps, the linearized operator D f,J is a Fredholm operator which is surjective for generic J. The following Proposition comes from the Implicit Function Theorem, cf. Theorem A.3.3] .
* is a smooth separable Banach manifold whose tangent space at f is:
By the Implicit Function Theorem, the expected dimension of P 1,p (X, β, J) * equals to the index of D f,J . The index of D f,J is given by the Riemann-Roch Theorem.
In (2.2), c 1 (f * T X) is c 1 (X)∩β = β c 1 (X), where c 1 (X) is the first Chern class of X.
In eq.(2.1), ∂ := ∇v + J • ∇v • j is a J-linear Cauchy-Riemann operator of order 1, and ∇ v J • df • j is a J-anti-linear operator of order 0 which may be expressed with the Nijenhuis torsion tensor
Remark 2.3 If X is a Kähler manifold, then N J vanishes because J is integrable. Thus, for any f ∈ P 1,p (X, β, J)
* is preserved by J-action. That implies that P 1,p (X, β, J) * has a natural almost complex structure on it.
When the target space X is a Kähler manifold, we can express the tangent space T f P 1,p (X, β, J) * at f in Proposition2.2 in two equivalent algebraic ways:
• The (0,0)-th Dolbeault cohomology group H 0,0 (X, f * T X)
• The 0-th cohomology group H 0 (X, f * T X) induced from elliptic complex.
Although the constructions are well-known, we describe them for discussions about the extended algebraic constructions with the linearized operator
Since the integrability of J implies that D f,J is the same as ∂-operator, we get a fine resolution of H(f * T X). Note that
By taking global sections, we get the following sequence:
where H(f * T X) is a vector space of global W 1,p -holomorphic section of f * T X. The sequence (2.4) is exact at W 1,p (f * T X). By its definition, the 0-th sheaf cohomology group H 0 (CP 1 , f * T X) for H(f * T X) is the same as H(f * T X). And it is (0, 0)-th Dolbeault cohomology group H 0,0 (CP 1 , f * T X). The 1st sheaf cohomology group is the same as (0, 1)-th Dolbeault cohomology group which is the Cokernel of D f,J .
On the other hand, we may also view the map D f,J as a two-step elliptic complex, since D f,J is an elliptic first order partial differential operator:
By its definition, the cohomology group induced from (2.5) is the same as the Dolbeault cohomology groups.
The resulting cohomology groups are finite dimensional because D f,J is a Fredholm operator. Due to the existence of the almost complex structure on the kernel and the cokernel of D f,J , all cohomologies we discussed in this Remark may be defined over C.
2
Now, we discuss possible ways to construct the cohomology groups with D f,J operator which can give an algebraic cohomology group expression of the tangent space T f P 1,p (X, β, J) * in Proposition 2.2. Recall that the simplest example of the elliptic complex is from a single elliptic operator F , say, F :
, where V i are differentiable vector bundle over a differentiable manifold S, p > 2. Its cohomology group comes from the two-step elliptic complex:
Let's denote the elliptic complex (2.6) as V . Then, it may have non-trivial 0th, 1st cohomology groups. By its definition, the 0th, 1st cohomology groups are:
If the elliptic operator is the linearized operator D f,J , then we will call the above cohomology groups as D-cohomology groups. And we will denote them as
, where S is a Riemann surface of any genus. We will call an element v in H 0 D (S, f * T X) as a pseudo-holomorphic section. In general, the D-cohomology groups are defined over R because the kernel and the cokernel of D f,J don't necessarily have any almost complex structure on it. Note that the D-cohomology groups don't have to be even dimensional 1 . But the Euler characteristic of f * T X is always a even number. This is due to the Riemann-Roch Theorem.
The expected dimension of the parameter space P 1,p (X, β, J) is the Euler characteristic of this bundle with the same formula written in (2.2). This Euler characteristic is finite because D f,J is a Fredholm operator.
Remark 2.4 The D-cohomology group can be defined with any k, p if kp > 2 and k ≤ l, where J is C l -smooth. The elliptic regularity implies that
don't depend on the choice of the functional space. So, the resulting D-cohomology groups are independent of k, p.
vanishes. So, we can rephrase Proposition 2.2 by using a D-cohomology group.
Corollary 2.5 P 1,p (X, β, J) * is a smooth separable Banach manifold whose tangent space at f is:
We may try to define the cohomology groups which resemble the Dolbeault cohomology groups. It is suspicious that D f,J in (2.3) is locally surjective. But the rigorous proof of that is not yet certain.
There are other cohomology group constructions which make the Euler characteristic of the bundle f * T X equal to the index of D f,J . The J-linear Cauchy-Riemann operator part ∂ in D f,J commutes with J. Thus, it gives a holomorphic structure on f * T X. The same construction of the Dolbeault cohomology we have done in Remark 2.3 works. Removal of the zero order term in D f,J doesn't affect the index of the Fredholm operator D f,J . Thus, the Euler characteristic of the bundle f * T X with respect to this Dolbeault cohomology groups doesn't change. It is the same as an index of D f,J .
Since the ellipticity is about the highest order condition, ∂ is also an elliptic operator. So, we can also construct the cohomology groups induced from the elliptic complex. As in the Kähler manifold case in Remark 2.3, both cohomology group constructions produce identical cohomology group. Note that different from the D-cohomology groups, these cohomology groups are even dimensional over R. The existence of the almost complex structure on the Ker∂ and the Coker∂ implies the constructed cohomology groups may be defined over C.
3 Local structures of the moduli space of genus 0 stable maps
The main result of this section is the tangent space splitting Theorem 3.13. This theorem is the symplectic counterpart of the tangent space splitting calculational results in algebraic category in [Kwon2] . We will work on the moduli space M k,p n (X, β, J) of n-pointed genus 0 stable maps. The definition is in sec.3.2. In sec.3.1, we will assume that the target space is any dimension 4 symplectic manifold. But the definitions and constructions we have done in that section can be extended to a general symplectic manifold. The results in sec.3.2 are valid for any D-convex target space X of a real dimension ≥ 4. For a tangent space description of M k,p n (X, β, J) with D-cohomology groups, we need to work with a normal sheaf. If the simple stable map f has a singularity at z, i.e., df z = 0, then the normal sheaf always has a skyscraper sheaf at z. Therefore, we need to extend the definition of the D-cohomology groups, which was originally defined with two-step elliptic complex of vector bundles in sec.2, to handle this type of situation. This will be done in sec.3.1.
D-cohomology Groups for Normal Sheaf
Let X be any symplectic 4 manifold. Let's denote the sheaf of smooth local pseudo-holomorphic sections to the holomorphic vector bundle V by H(V ). Let f be a J-holomorphic map such that f * ([CP 1 ]) is non-trivial. Then, we have the following short exact sequence of coherent sheaves:
Since we are assuming that J is in the class C l , l ≥ 2, the result of Micallef-White in [M-W] asserts that the critical points of f are finite. By the Unique Continuation Theorem, a locally constant J-holomorphic map is a constant map, which is not our case by our assumption. Thus, the only smooth section v in H(T CP 1 ) such that df H (v) = 0 is a trivial section. That implies the sheaf theoretic map df H is injective. 
) is a locally free sheaf. So, it defines a vector bundle equivalent to N f by a standard Theorem. cf. .
Since f is a J-holomorphic map, df (T z CP 1 ) is preserved by a J-action. It is easily checked that its orthogonal complement N f,z is a symplectic com-
q.e.d.
Let H c be a vector space defined as follows:
There is a natural identification between the real 2 dimensional subspace C c in T f (c) X and H c . We will call the subspace C c as a tangent cone at c. This tangent cone C c is preserved by a J-action. See [M-S2, Prop.E.5.10]. The order at c is the unique integer k such that ϕ
Let's assume that f is a non-trivial J-holomorphic map which is not necessarily an immersion. Let c 1 , . . . , c r be critical points of f . T f (z) X is decomposed as follows:
•
is an orthogonal complement of C c i with respect to ∇.
By the definition of the tangent cone, we can see that N f,z approaches to C ⊥ c i as z → c i . Thus, the similar proof we have done in Lemma 3.1 shows that
. . , r. The locally free sheaf H(f * T X) has a holomorphic structure on it. Thus, the splitting principle on CP 1 is applied. Each degree o(c i ) + 1 critical point c i of f lowers the degree of the line bundle N f by o(c i ) and serves as a pole of order o(c i ) in the line bundle orthogonal to N f , when we consider the (real) dimension 4 holomorphic vector bundle's splitting. Equivalently, we have:
c i . We will call the bundle N f as a normal bundle (of the Normal sheaf
Let's modify the construction of the D-cohomology groups in sec. 3.1.
For this purpose, we will consider the skyscraper sheaves C o(c i )
. . , r, as complex vector bundles defined on the trivial complex manifolds c i , i = 1, . . . , r. Since the dimension of the trivial manifold is zero, (0, 1)-form
Since all sections from a point to a complex vector bundle are holomorphic sections, we get the following standard resolution of the holomorphic differential forms of type (0, 0),
c i , are indexed by -1, 0, 1, respectively. Clearly, the 0-th sheaf cohomology group is isomorphic to C
and the 1st sheaf cohomology group is zero. The following sequence may be considered as a trivial elliptic complex:
This also induces the cohomology groups which is identical to the sheaf cohomology groups we discussed in the previous paragraph.
Note the restriction D N f,J of the elliptic operator D f,J to N f is also an elliptic operator. By combining the above trivial elliptic complex (3.2) with the elliptic complex
, we get the following modified two-step elliptic complex: 
The resulting non-trivial D-cohomology groups are the following:
The Figure 3 .2 shows the local figure of the example of the non-trivial
c i ) whose cohomology representative is nontrivial for one of C c i when f has a critical point of order 2 at c i . If the section is tangential to the image curve of f all the time on the regular points, then the cohomology representative doesn't contain a term from KerD N f,J . The following Lemma is useful for a description of the tangent space of the moduli space of genus 0 stable maps.
Lemma 3.2 The following sequence is an exact sequence of D-cohomology groups:
Proof. The Lemma follows by applying the Snake Lemma and the definition of the D-cohomology groups to the following exact sequence of two-step elliptic complexes:
Remark 3.3 Note that in the Proof of the above Lemma,
Remark 3.4 Other relevant long exact sequence of the D-cohomology groups we can prove similarly is a twisted version:
This twisted version is based on the splitting of the holomorphic vector bundle f * T X:
Tangent Space Splitting Theorem
In this section, we assume that X is a D-convex symplectic 4 manifold. Let C be a connected smooth or singular Riemann surface having only node singularities. Then, the arithmetic genus of C is, by its definition, dim C H 1 (C, O C ). If C is smooth, then an arithmetic genus is the same as the geometric genus of the Riemann surface C. Let C := l i=1 C i be a desinglarization of C, where C i is a smooth Riemann surface. Then, we have the following formula which we can show with an elementary sheaf exact sequence:
where g(C i ), δ denote the genus of the smooth Riemann surface C i , the number of node singularities on C, respectively. Let C ′ be the smooth Riemann surface we get by smoothing each node in C. The arithmetic genus of C we get from (3.4) coincides with the geometric genus of C ′ . Algebraic geometrically, the smoothing node deformation around the singular Riemann surface C forms a flat family of projective varieties. Therefore, it preserves the Hilbert polynomial on each fibre. The arithmetic genus is equivalently defined by a Hilbert polynomial. See [Hart, p54, Ex. 7.2] . That implies the invariance of the arithmetic genus. The Riemann surface C has arithmetic genus 0 if and only if its fundamental group π 1 (C, p) is trivial. Thus, the arithmetic genus 0 Riemann surface always resembles a tree. Letp : C := i C i → C be a desingularization map. We will call a point a i in the setp −1 ({b | b is any node singularity in C}) as a pregluing point and node singularities on C as gluing points.
Let's consider an n-pointed genus 0 J-holomorphic map f : (C, a 1 , . . . , a n ) → X. We call f is a stable map if every irreducible component C i such that f * ([C i ]) = 0 has at least 3 special points. Special points mean marked points or pregluing points.
Let M k,p n (X, β, J) be the space of equivalent classes [(f, C, a 1 , . . . , a n )] of n-pointed J-holomorphic W k,p -stable maps, representing the homology class β. 
n (X, β, J) if there exists a continuous map α : C → C ′ which satisfies the following:
Let f : C → X be a stable map from a reducible (arithmetic) genus 0 curve C. Then, we call f is simple if the map restricted to each irreducible domain curve is simple and none of the irreducible component have the same image. We will denote the subset of simple stable maps in M k,p n (X, β, J) having an irreducible domain curve CP 1 by M k,p n (X, β, J) * , and that of
* consists of multiple cover stable maps, stable maps having reducible domain curves.
There are two approaches to obtain the tangent space splitting results on the simple stable maps locus M
* as a quotient space of the parameter space P k,p (X, β, J) * by a non-compact Lie group Aut(CP 1 ) action. And then, we use the transversality properties repeatedly.
2. First, we note that the D-convexity condition implies that H 1 D (C, f * X) vanishes when f is a stable map from any arithmetic genus 0 curve. And then, we show the exactness of the following sequence:
The nature of the above sequence can be easily seen from the constructions appearing in [F-O] . Finally, we repeat the K-group calculations of the vector bundles as we have done in [Kwon2] .
Both methods produce the same results. But the 2nd method is considerably harder. So, we will use the 1st method.
The first statement of the following Proposition is from the fact that Aut(CP 1 ) acts freely and properly. And the diffeomorphism between the quotient space P 1,p (X, β, J) * /Aut(CP 1 ) and the moduli space M 
Proposition 3.5 Let Aut(CP
Proof. Firstly, we discuss the slice construction. H 0 (CP 1 , T CP 1 ) is a Lie algebra of Aut(CP 1 ), i.e., the tangent space at the identity automorphism e in Aut(CP 1 ). So, there is a unique vector
, where Q is a chosen right inverse. Let ψ be any other element close to the identity e ∈ Aut(CP 1 ). Then, it defines another element f
This element doesn't necessarily correspond to the element exp(v 
. Then, the universal family of J-holomorphic maps constructed with respect to the right inverse Q on the neighborhood of zero in T f O(f ) ⊥ consists of the J-holomorphic maps which are not equivalent to each other. Thus, it gives a local chart of M
is identical to the slice we constructed. From Lemma 3.2, we get a short exact sequence of D-cohomology groups:
Thus, it gives a canonical isomorphism
The statement of the Proposition comes from the natural isomorphisms of the vertical arrows in the following diagram.
Since the real dimension of Aut(CP 1 ) is 6, the real dimension of the 
* are l − 1-smooth Banach manifold, where J ∈ C l , l > 2 by our assumption of this paper. Let's consider [(f, CP 1 , a 1 , . . . , a n )] ∈ M 1,p n (X, β, J) * . Since we will discuss a local deformation within a stratum, we may rigidify the domain curve. Without loss of generality, we may assume that we forget the n-th marked point. Let λ :
. . , a n−1 )] and dλ(
There is a canonical lifting λ of the path defined by
q.e.d. 
Proof. Assume the Proposition holds for
. . , a n−1 )]) is smooth because F n is a submersion by Lemma 3.7. Indeed, it is diffeomorphic to CP 1 \ {a 1 , . . . , a n−1 } by [(f, CP 1 , a 1 , . . . , a n )] → a n . Thus, the tangent space of the fibre (F
. . , a n )] is identifiable with T an CP 1 . Proposition follows by the induction assumption and Lemma 3.7.
An i-th evaluation map ev i is defined as follows:
Remark 3.9 Let's consider a local chart of the subspace modeled by a small neighborhood of zero in (
T a i CP 1 . Let's consider the construction of the universal family of Jholomorphic maps on it. The proof of Proposition 3.5 shows that we may locally rigidify the domain curves when we construct the universal family. Thus, the expression (exp f (v), CP 1 , exp a 1 (w 1 ), . . . , exp an (w n )) of the universal family of approximate pointed J-holomorphic maps over [V 1 × 0] × W makes sense, where ((v, 0) , (w 1 , . . . , w n )) ∈ [V 1 × 0] × W . By choosing an appropriate right inverse Q, we can construct the universal family of pointed stable J-holomorphic maps whose fibre at zero is [(f, CP 1 , a 1 , . . . , a n )] and whose fibre at
The choice of the right inverse maps is not unique. But once we decide the right inverse map, ξ v which makes exp f (v + Q(ξ v )) to be J-holomorphic is unique depending only on v. The universal family of pointed stable J-holomorphic maps constructed in this way with any right inverse maps is unique up to the equivalence relation because the right inverse differs by the complement of H
That is, the different choice of the right inverses gives different but equivalent local chart. Subtlety arises. If Q, Q ′ are different right inverses, then for a fixed
There is a canonical
n (X, β, J) which depends on the choice of the right inverse Q.
n (X, β, J). From now on, throughout the paper, we will denote the corresponding vector in the tangent space also by v for our convenience. Let's consider dev i (v). Then,
. This formulation of the differential dev i depends on the choice of local chart, i.e., the right inverse map Q. However, it doesn't make differences between the rank of dev i and the differential we get with the approximated stable maps since Q(ξ v ) is small. See Remark 4.6 also. Note that if once the vector on the tangent space is decided, then the differential will be the same with different expressions which depends on the choice of the right inverse, i.e., the local chart.
2 Lemma 3.10 Let f := [(f, CP 1 , a 1 , . . . , a n )] be in M 1,p n (X, β, J) * . Assume that f has only order 2 critical points. Then, the differential of the i-th evaluation map at f is given as follows:
Proof. Since v 1 , v 2 , w are independent vectors, it is enough to check
comes from Remark 3.9. It is obvious that if w ∈ T a j CP 1 , j = i, then dev i (w) = 0 because the i-th evaluation map depends only on the deformation property of the map f near i-th marked point. Let λ : (−ε, ε) → CP 1 be a
Due to the same reason, it is enough to check with a vector v 2 in C c i to show v 2 → 0. Let's assume that a i is a critical point c i . f near a i can be locally expressed as f (z) = (z 2 , z 3 ) after C 2 -coordinate change in the domain curve, C 1 -coordinate change in the target space, by Micallef-White's Theorem. Note that these changes of the coordinates on the domain and the target space don't change the characteristics of the deformation properties, that is, the nature of the singularity near a i . With the appropriate changes of the coordinate, the neighborhood of zero in C i parameterizes the deformation f η (z) = (z 2 , z 3 + ηz). Let λ : (−ǫ, ǫ) → C c i such that dλ( ∂ ∂t ) = v 2 . Since the local deformation rigidifies the domain curve, the i-th marked point stays at zero all the time. So, we get ev i • λ(t) = (0, 0). It proves the differentiation at 0 is trivial.
Let's assume that a i is not a critical point. Since the vectors in C c i represent the deformations near the singularity, that doesn't reflect the local deformations near a i . Therefore, we get v 2 → 0.
Remark 3.11 In Lemma 3.10, it is clear that if v 1 (a i ), df a i (w) are nontrivial, then they generate the full tangent space T f (a i ) X.
Let C be a pointed reducible curve, having two irreducible components (C 1 , a 1 , . . . , a r ), (C 2 , b 1 , . . . , b s ), where r + s = n. Let q 1 ∈ C 1 , q 2 ∈ C 2 be pregluing points. Then, a pointed stable map (f, C, a 1 , . . . , a r , b 1 , . . . , b s ) can be written as ((f 1 , (C 1 , q 1 ), a 1 , . . . , a r ), (f 2 , (C 2 , q 2 ), b 1 , . . . , b s ) ).
Let β 1 r,s β 2 denote the set of stable maps in M 1,p n (X, β, J) such that • [ ((f 1 , (C 1 , q 1 ), a 1 , . . . , a r ), (f 2 , (C 2 , q 2 ), b 1 , . . . , b s ))], where
β 2 is generically smooth and forms a codimension one subspace in M 1,p n (X, β, J).
There are two possible types of the codimension one singular stratum β 1 r,s β 2 .
• β 1 , β 2 are none trivial.
• One of the homology class, say β 1 is trivial.
For the first case, we have the following two possible types of stable maps: (a) f i , i = 1, 2, doesn't have any critical point. (b) Any of f i has some critical points, i.e., Any of f i is simple with some critical points or multiple cover.
Within a stratum β 1 r,s β 2 , (a) forms an open locus while (b) doesn't. Since we aim to use the tangent space splitting result to the application for real enumerative problems, some calculational results in [Kwon3] will reveal that the case (b) is not important.
The following Proposition states the tangent space splitting results when non-trivial f i is an immersion.
Proposition 3.12 Let's consider a stable map
(i) Let's assume that f i , i = 1, 2, is an immersion. Then, the tangent space splitting at f 1 f 2 is:
where N i is a normal bundle and q is a node in C.
(ii) Let's assume f 1 * ([C 1 ]) is trivial and f 2 is an immersion. Then, the tangent space splitting at f 1 f 2 is:
s+1 (X, β 2 , J) consisting of stable maps having no critical points. Let's consider a C l−1 -map ev β 1 × ev β 2 :
β 2 ) * * be the subset of β 1 r,s β 2 consisting of the stable maps whose restriction to each irreducible component is an immersion. Then, (β 1 r,s β 2 ) * * is diffeomorphic to ev
. . , b s )] by f 1 , f 2 respectively. From Proposition 3.8, we know:
The differential dev β 1 × dev β 2 at (f 1 , f 2 ) is as follows:
′ are right inverses. Lemma 3.10, Remark 3.11 show that ev β i is a submersion. Thus, the differential dev β 1 × dev β 2 at any (f 1 , f 2 ) is surjective. Let (f 1 , f 2 ) = f 1 f 2 , i.e., f 1 (q 1 ) = f 2 (q 2 ). By combing with the natural surjective map T f (q) X × T f (q) → T f (q) , (w, w ′ ) → w − w ′ , we get the following surjective map:
By the Implicit Function Theorem, (β 1 r,s
s+1 (X, β 2 , J) * * −dimX and the kernel of the map (3.8) is the tangent space of (β 1 r,s β 2 ) * * at (f 1 f 2 ) * * . The statement (i) is from a K-group expression of the orthogonal decomposition induced by the following short exact sequence (3.9), combining with (3.6),(3.7). The term T q 1 C 1 ⊗ T q 2 C 2 parameterizes a smoothing node deformation.
(ii) Since f 1 * ([C 1 ]) is trivial, the stability condition says that the irreducible component C 1 has at least 3 marked points on it. The map M q 1 , a 1 , . . . , a r )], f 1 (q 1 )) is a diffeomorphism, where M r+1 is the Deligne-Mumford moduli space of r + 1-pointed smooth genus 0 curves. The tangent space at [ (C 1 , q 1 , a 1 
which is the space of first order deformations of a pointed smooth Riemann surface. Thus, the tangent space at f 1 is:
With the same notation we used in (i) for v ′ , ξ ′ , ς ′ and the similar argument, we get a submersion map:
where ς ∈ H 1 (C 1 , T C 1 (−q 1 − a 1 − . . . − a r )), ξ ∈ T f (q) X and Q ′ the right inverse. The rest of arguments are the same with (i).
The calculations for the tangent space splitting are dependent on the types of stable maps, the presence of critical points at the pregluing points. Some other cases of simple stable maps having order 2 singularities are calculable case by case. But it is nasty to list all type of splitting results with its actual original forms. So, we state the tangent space splitting when the stable map is immersion on each irreducible component. The proof of the following Theorem is from an induction which is very similar to the proof of Proposition 3.12. So, we will omit it.
Theorem 3.13 (Tangent Space Splitting Theorem)
Then, the tangent space splitting at [(f, C, a 1 , . . . , a n )] is:
where δ is the number of gluing points, To convince ourselves, we describe the meaning of terms in (3.12) and see that the calculational results completely agree with our common intuition.
Remark 3.14 The terms in (3.12) except
) is about the first order deformations within a stratum.
) is about smoothing nodes deformation. So, it parameterizes the first order deformations which is normal to the stratum.
is the space of first order deformations of the unpointed J-holomorphic maps on each component.
parameterizes the pregluing points deformations. The negative terms [
indicates the condition that each pair of the pregluing points have the same image. So, it restricts ourselves to the stratum [(f, C, a 1 , . . . , a n )] belongs to.
Remark 3.15
The results in Proposition 3.12 shows that the stratum having two irreducible components is a codimension one locus in M even when one of the component maps to a point. In genus 0 stable map case, an obstruction space H 1 D (C, f * T X) doesn't appear even when it has a ghost component, i.e. an irreducible component C ′ such that f * ([C ′ ]) = 0. In general case, the ghost component of genus ≥ 1 creates a non-trivial obstruction space H 1 D (C, f * T X), which is relevant to the actual obstruction space of the deformation of the pointed stable maps, because
When we work on the moduli space of stable maps of any genus and any target space, we need to consider the Kuranishi structure. See [F-O] . The Kuranishi structure of our case describes an orbifold structure because the obstruction space is trivial at any point of the moduli space. The tangent space splitting result is from the locus where the moduli space M 1,p n (X, β, J) is smooth. Orbifold singularities are located on the locus where the multiple cover maps are involved. The tangent space at the multiple cover map can be similarly calculated. The moduli space M 1,p n (X, β, J) at the multiple cover map is a locally quotient of the tangent space by a finite group action.
Example 3.16 (Dimension Estimate of the Multiple Cover Locus in CP 2 , CP 1 × CP 1 ) The target spaces we will be interested in for a real enumerative implications in [Kwon3] are CP 2 , CP 1 × CP 1 . It is important to know the codimension properties on the stable maps locus having some singularities. We show that the multiple cover locus in M (a, b) ) cannot occupy the codimension one locus.
is a simple J-holomorphic map of degree d 2 and f 1 : CP 1 → CP 1 is a multiple cover map of degree d 1 . Then, the local deformation (within a multiple cover locus) is decided by two factors: Deformation of
3 . So, the estimated dimension of the multiple cover maps locus is (
is a simple J-holomorphic map of homology class (a 1 , b 1 ) and f 1 : CP 1 → CP 1 is a multiple cover map of degree d. Then, 3 Any holomorphic map to CP 1 is a C ∞ -map. So, we don't have to specify the functional space the similar reasoning shows that (2(a 1 + b 1 ) − 1) + (2d − 2) is an estimated dimension from the multiple cover stable maps locus. Elementary arithmetic calculations show that both cases are strictly less than the dimension of the moduli space −1.
Singularity Analysis and Calculations of Ramification Indices
This section provides preliminary local analyses to get the transeversality results for GW ([point] , . . . , [point] ) case in section 5. Throughout this section, we assume that n is equal to
We define the several typical types of stable maps based on the singularities on the image curve f (CP 1 ).
Definition 4.1 Let f := (f, CP 1 , a 1 , . . . , a n ) be a simple pointed stable map. The node singularity of the stable map 4 is the point p ∈ f (CP 1 ) such that
We call f as a nodal stable map if the image curve f (CP 1 ) has only node singularities. The tacnode singularity of the stable map is the point p ∈ f (CP 1 ) such that f −1 (p) consists of two points p 1 , p 2 and df (T p 1 CP 1 ) = df (T p 2 CP 1 ). We call f as a tacnode stable map if the singularities of the image curve f (CP 1 ) has a unique tacnode singularity and all other singularities in f (CP 1 ) are node singularities. The triple node singularity of the stable map is the point p ∈ f (CP 1 ) such that f −1 (p) consists of three points p 1 , p 2 , p 3 and df (
We call f as a triple node stable map if f has a unique triple node singularity and all other singularities are node singularities. The cuspidal singularity p ∈ f (CP 1 ) is the image of an order 2 singularity of f . We call the stable map f as a cuspidal stable map if f (CP 1 ) has a unique cuspidal singularity and all other singularities are node singularities. We will call the two stable J-holomorphic maps f, g are equi-singular if they have the same number of the irreducible components on the domain curve and they have the same type of singularities on their image curves.
Readers may refer to [Kwon2] for local figures of the singularities in f (CP 1 ). If we have node, triple node stable maps, then the domain curve may be understood as a strict transform of the image curves after we blow up at the singularities in the image curve f (CP 1 ). The domain curve of the tacnode stable map can be understood as a strict transform of the image curve after we blow up twice, first at the tacnode singularity and at node singularities in f (CP 1 ), and then at the node singularity after the first blow up since tacnode singularity becomes a node singularity. Thus, node, tacnode, triple node stable maps are immersions.
The relation between the domain curve and the image curve f (CP 1 ) of the cuspidal stable map may be understood in a similar way. This geometric understanding is consistent with the definition of the cuspidal singularity.
Remark 4.2 (The Symplectic Adjunction Formula)
The Adjunction Formula for a simple genus zero J-holomorphic map f : C → X states:
where f * ([C]) = β and δ(f ) := #{δ i | f −1 (δ i ) consists of at least two points }. The equality holds if and only if f is a nodal stable map.
An Application of the local transversality property to each node singularity leads the following Proposition. q.e.d.
Different from the node stable maps locus, the tacnode stable maps locus, the triple node stable maps locus are not open loci. Recall that the transversality condition is an open condition. Since on the tacnode singularity, two (complex) arcs meet tangentially, the tacnode singularity becomes two node singularities after we perturb the J-holomorphic map generically. The reason triple node singularity cannot be an open locus is because of the imposed condition. It is easy to see that the triple node singularity becomes three node singularities by generic perturbations of the J-holomorphic map. Nevertheless, all three cases are immersions. Thus, the tangent space at those type of J-holomorphic maps doesn't contain any skyscraper sheaf. Different from the node J-holomorphic map, the tangent spaces of the tacnode, triple node stable maps don't parameterize the equi-singular J-holomorphic map. The following Proposition holds on all of theses equi-singular loci regardless whether the tangent space parameterizes the equi-singular loci or not.
n (X, β, J) such that f is an immersion. Then, the map ev is regular at f, where ev :
Proof. By Lemma 3.10, we know the differential of ev map is as follows:
where Q is a chosen right inverse. cf. Remark 3.9. Clearly, df a i (w i ) and
Since f is an immersion, we have f * T X ∼ = T CP 1 ⊕N f . By Lemma 3.1, we can apply the additivity of the Chern class. So, we get c 1 (N f ) = c 1 (f * T X) − c 1 (T CP 1 ) = c 1 (f * T X) − 2, which says the degree of the holomorphic line bundle N f . Thus, the rank of
The following Proposition is well-known. Its proof appears in [Shev, Theorem 3.2.1] . Since torsion sheaf C c never parameterizes the equi-singular J-holomorphic map, the normal direction for the cuspidal stable maps' locus is generated by C c .
Proposition 4.5 The cuspidal stable map's locus is a real codimension two locus in
We want to consider the subspace of M 1,p 0 (X, β, J)
* consisting of J-holomorphic maps passing through the points f (a i ), i = 1, . . . , m. By going through the same arguments as we have done in sec.2 and sec.3, we see that the tangent space of the subspace at
In Lemma 4.7, Lemma 4.10, the stable map f will be either an immersion, or a map having exactly l singular points of order 2. Recall that n denotes 1 2 dim X +c 1 (f * T X) − 3 in this section.
Lemma 4.7 The kernel of the differential dev at f :
Proof. By Lemma 3.10, it is clear that l j=1 C c j is in the kernel of dev. Note that v(a i ) + Q(ξ v(a i ) ), df (w i ) in (4.1) are independent vectors. The vanishment of dev means no perturbations of the map f at a i . Remark 4.6 implies that ((v(a 1 ) + Q(ξ v(a 1 ) )) + df (w 1 ), . . . , (v(a n ) + Q(ξ v(an) )) + df (w n )) vanishes if and only if v(a i ) and df (w i ) vanish. Since a i is a non-singular point of f , w i is a zero vector iff df (w i ) vanishes. Thus, v + 0 + . . .
. . − a n )). So, the Lemma follows. q.e.d.
Remark 4.8 Let f be a J-holomorphic map having l singularities c j of order 2. Then, we have two natural exact sequences of pseudo-holomorphic section sheaves.
where N f , N f are a normal sheaf, a normal bundle respectively. The degree of the holomorphic line bundle N f is c 1 (f * T X) − c 1 (T CP 1 ) − l. Thus, we get the following isomorphism:
Remark 4.9 Lemma 4.7 and Remark 4.8 imply the following:
• If f is an immersion, then dev at f is an isomorphism.
• If f has singularities c j of order 2, then the kernel of dev at f is c j C c j .
Of course, if f has singularities c j of any order, then the kernel of dev at f is isomorphic to c j C
Lemma 4.10 The cokernel of the dev at f :
. .−a n )), where N f , N f are the normal sheaf, the normal bundle respectively and a i , i = 1, . . . , n, is a non-singular point of f .
Proof. By Lemma 3.10, it is enough to consider the image of
. By Remark 4.6, v(a i ) doesn't vanish if and only if v(a i ) + Q(ξ v(a i ) ) doesn't vanish. Thus, there is a natural isomorphism between the cokernel of the differential of the evaluation map ev and the cokernel of the differential of the approximated evaluation map ev ′ modeled by a family of stable maps exp f (v).
By re-arranging after we decompose each tangent space T a i CP 1 with respect to the orthogonal decomposition as described in the previous paragraph, we get dev
There is a short exact sequence of the pseudo-holomorphic section sheaves:
We apply a standard homological algebraic Theorem to get the following long exact sequence:
By assumption, n is the same as half of the real dimension of
Since N f (a i ) is a skyscraper sheaf supported by f (a i ), we get the following isomorphisms:
The last zero in the long exact sequence comes from
The following Theorem is the main theorem of this section. Proof. By Lemma 4.7, the kernel of dev at f is the skyscraper sheaf C c , where c is a critical point of f . Since the dimension of the domain and that of the target space of the ev map are the same, the non-trivial kernel implies that f is a critical point of the ev map.
By Lemma 4.10, the cokernel of dev is H 1 D (CP 1 , N f (−a 1 − . . . − a n )). There is a D-cohomology group version of Serre duality Theorem. cf. [Shev, Lemma 1.5 .1]. The Theorem asserts the following isomorphism:
where ω CP 1 is a canonical sheaf. Since the differential of the ev map is completely decided by a local behavior of the J-holomorphic map f , the ramification degree is decided by a local behavior of f at the critical point c. Micallef-White's result in [M-S2, Proposition E.1.1] says that f can be expressed as
where
on which smoothing node deformations happen. When smoothing node deformation happens, which is parameterized by vectors in T q 1 CP 1 1 ⊗ T q 1 CP 1 2 , no other deformations happen.
• The vectors from pregluing points T q 1 CP For the case (iii), we use the splitting Theorem 3.12 (ii). By a stability condition, CP 1 1 has at least two marked points on it. But the degree condition of f 1 says df 1 (T a i CP 1 1 ) = 0. Thus, the codimension condition comes out. Other calculations are the same as in the cases (i), (ii).
Remark 4.13
The results in this section show that the differential of the ev map measures the obstruction for a J-holomorphic map deformations before the compactification when the Gromov-Witten invariant is enumerative. If we have any non-trivial Kernel and Cokernel of dev, then we have an obstruction in deformation. It appears as critical points loci of dev. The dimension of the Kernel and that of the Cokernel are always identical.
5 Transversality Properties on M 1,p n (X, β, J)
In this section, we assume that n equals to 1 2 dim R X+c 1 (f * T X)−3. Theorem 5.2 is the main Theorem of this paper. Of course, the target space X in this section is a D-convex symplectic 4-manifold.
The following Lemma states the regularity condition for the pull-back of the trivial cycle, i.e., ev −1 i (q), q ∈ X. In the following Lemma, the normaliza-tion of C is C i . The restriction of f to each component C i will be denoted by f i .
Lemma 5.1 Let f := [(f, C, a 1 , . . . , a n )] be in M . This intersection multiplicity is well-defined because the transversality condition is an open condition. It is also equivalent to the definition in algebraic geometry if the target space is a convex projective variety so that the moduli space is a projective variety. We will call all other cases as an intersection multiplicity zero. Note that the pull-back cycles meet transversally at s if and only if it has an intersection multiplicity one.
Note that the number of the points in Proof. The trivial ordered cycle's representative q i can be represented by the element (q 1 , . . . , q n ) in the n-fold product X × . . . × X of the target space. The number of elements in n (q 1 , . . . , q n ). (i) follows from Proposition 4.4 because ev at s is local diffeomorphism. (ii) follows from Theorem 4.11 because the local ramification index is identical to the multiplicity. (iii) holds because we get the non-trivial dimension's family of stable maps from the smoothing node deformations, which contains s. q.e.d.
We will call the locus on which we get the non-trivial intersection multiplicity as the locus on which transversality property is established. Thus, this notion excludes the locus of the stable maps having reducible domain curves from the locus on which transversality property is established.
All of the results so far sum up to the non-transversality property in Theorem 5.3 and prove the Tian's deep conjecture. 
